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ABCTRACT

A slotted-cylinder antenna, coeted with concemtric layers of
conductive dielectric meterisl is developed as 2 boundary value
problem. The formelism follows the procedure s originelly outlined
by J« R UWail, except that the boundary conditions sre stated in
matyix form. The problem is formulated so that the transforws of
the four unimown tangential fields Es’ 34, nm, and 35 at the
gperture are dirsctly related to the two unknown vector putentials
A, end A through computedle products of four-by-four matrices.
 Further loforssiion is then achleved by completing the boundayy
conditions at the sperture and algebraically solving for all unknowns,

As &'means to check the procedure, the rediation fields of
helfwwave msial and circumferential aperture sntemnss, with specified
electric fiald distributions, are computed and checked sgeinst
known resulis.
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Iv. IRTROTUCTION

Vhen & high speed misplle entors the stposphere, elx in the
immediate vicinity hests up end produces free electrons. &g Tthe
vehicle descends, the concentration of electrons nay lncresse to such
¢ degree that commnicetions sre interrupted. This "blackout" may
persist for a considerable length of time, ceusing several problems
in comnection with spece and defense misgions. For example ’ additional
provisions must be made for dete storage; the plasue mey lntexfere
with ICBM homing devices; snd information regarding catastrophlc
failures during bleckout mmy be lost. For these ressons, and others,
e comtimiing effort has been dlrected toward the theoretical snalyels
and possible elleviation of the problen.

The present effort is concerned with the theory, and s in most
pathesaticel developments, certain simplifications are essuned. he
model considered hers is the infinitely long dielectric couted come
gueting cylinder, onto which is cut e redisting eperture. Although
thie is on idealized model, there ere many features cowson dbetwesn
& reentyry vebicle and the geometricel simplicstion. For instance,
flush mounted eperture antennas are uswally ueed to rinlmize aerv-
dynamic dresi the aft portion of meny reeptyry vehicles are cylimdricel;
and the plasms sheath existing betwean the body and the shock wave in
a conductive dlelectric.



sl -

The exterior theory of the slotted-cylinder sntenis, costed with
& homogeneous dlelectyic, was developed a8 fow yoars age by J. R UWalt
{ref. 1). Be approeched the problem by expressing sll fields in texwms
of Fourier transfoms and then epplying the boundary conditions to
solve for all unknown coefficients. The radiation fields were found
by evaluating the inverse transfoms by means of the saddle point method.

¥alt's theory included s method of computing the far fields et
a8 gemerel point in spece; however, grephical results were confined to
the oguetoriel plane of a tsngentially excited (axiel) slot antenna.

Tois restriction allowed mathesstical simplifications which signdficently
reduced the computational labor.

Since Walt's original work, others heve exsmined the problem in
an effort to extend the resplts. Using an spprosch, essentially
equivalent %o Weit's, C. M. Knop {ref. 2) Sertved the fer fielde of an
axially polarized (circumferemtiel) slot. Although explicit far field
expressions were given, Knop's results were also confined to the
ogeatoriel plane.

Following the suggestion in rafevence 1 (pp. 1535«135), W. V. T»
Rusch {ref. 3) stmplified the problem somewhat by expressing the
dielectric sclutions in terms of e Teylor series expansion. I¥ is
noteworthy to remerk that Busch computed rediation patiermns off the
aguatorial plane. However, omly the first two tavme of the series
expansion vere vetained, indicating that his procedure fails i the
profuct of the dlelectric thickness times the redial weve number is
large.
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Recently, Melts (ref. 4} computed equaicrial pattemns of the axisl
slot and elevation patterns of the circusferential gep antenna. By
means of & computer subroutine giving Bessel functions of complex
erguments, Meltz was able to explore the effects of loss in the dielectric
coating.

Flov field snalysis shows thet the dledeciric properties of the
plesma may very considersbly, partisularly in the redial dlrection;
therefore, a further refinement in the propagation model csn be mede
if the inhomogeniety is considered. In e previous paper by C. T. Swift
(ref. 5), equatorisl patterns of an infinitely long axisl slot, covered
with & redially verying plasme were cslculated by directly inmtegrating
the wave eguations However, this procedure camot cesily be applied
if theaperture is finite {see ref. G for an explanstion). Instead,
the inhomogeneous plasme will be replaced by seversl howmopenscus tandem
layers, judiciously chosen to it the given distribution.

The problen was orfginally investigeted by J. H. Harrie (ref. 7),
who devised ¢ systematic procedure of @pressing the free-space solue
Ylons in verms of the elevtric ficlds on the sperturs. His dets consisted
of elevation patierns of an axial slot, coated with two dissimller
élelectrics.

The present effort extends the work of refcrence 7. A method is
developed whereby the boundary conditions at esch imterfece are
expressed in terms of & U x & matrix. The n + 1 meirices, where n
is the number of layers, sre then systematicelly multiplied together.



Begardless of the number of layers, repetitive multiplicatdon glves a
single ¥ ¢ & matrly which relates ell four of the tangential sperture
flelds to the twe frec-spoece coefficients. Additionsl inforxwation is
than provided by compleling the boundary conditions at the sperture.
As gpecial casss, the far ficlds of half-wnve asxilal and ciroums
ferential slots, with epecified olectric field exclietions are
computed; and the data ere comperad with resulis published elsewheve.
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V. LIGT OF SXMBOLS

alectric vector potential, volis/meter/fsec
megnotic vector potentisl, ampersceturns/meter/sec
redius of conductling cylinder, neters

glot dimemsion in azimuthed $rection, meters

wegmetic flux deneity, webers/oquare meter

radial distance to dlelectyicealy interface

electric displacement, coulcmbs/sguere meter

Aectric field intensity, vuits/meter

transform of electric vector potentisl, volts/sec
trensfore of magnetic vector potential, smpereeburns/sec
megretic field intemsity, supere-turns/meter

Honkel function of crdor n and srpument x

Besgel function of order

v

wave number = en/fh, netors
)

m aod argument =z

i
sxisl mode numbery, meters

arimuthal mode mumber

P (_"7 ’) .

L4
- for the sxisl sliot
%

P, ZE’ o)

pattern novmalivstion
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", (g, d) patiern normallsation, for the clrcumferential

P 2 §j 0
slot
u, eloctron density, ca™
n index of refraction

P, {9, §) pettern factor for mxial siot
2, {9, @) patiern fector for circumferentlal slot

¥, 5, @ spherical coordinstes

;; real part of Poynting vector, walte/square meber
u radisl mode rwmber, neters™ « \/ k° o ki

:;z undt vector in axdal direction

:;, unit vector in redisl dirvection

VU epplied potential on slot, volts

Xy ¥y 2 Cartesian coordinates

2, intrinesic ismpedance of Trecespace » 3758.7 ohme
N slot dipension in axisl divection, meters
. ma= 9
& o Rropecker delta, ,
wof QO
¢ pexmitiivity, farsds/meter

Y wavelength, meters
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permesbility of free-spece = hm x 107 henrys/meter

Yo

v collision frequency, collisions/sec

0, ¥, ¢ cylimdrical coordinates

¥ glectric scaler potential, volts

#ﬁ negnetic scalay potentiasl, mepere-turns

@ frequency of propegation, mﬁism/m.

wp plasua freguency = 28 x 3.97 x 15”0 \/?‘; radiens/sec
Subgcripts

(] freesspoce value

i value in the ith dlelectric layer

n value in last dielectiric lsyer

rs 9, §  voctor cosponents in sphericel coordinmtes

ps §, 3 vector components in cylindrical coordinetes
Superscripts

i vectors and matyices in ith dielectric layer
u‘ vectore and matrices in lost dielectric layer
ol vectors and matrices in free-spoce

A prime on the various Bessal funcitions denotes differentistion

with vespect to the argument



Develovment of the Exterior Problem in Matriy Fomm

The geometry is shown in filgure 1. A radiating sperture antenns,
of arbitrery cheape and arbitrery spatial excitation, is cut into =
leng conducting cylinder which is costed with comcontric layers of
lossy diclectric. The flelds within each layer, the ith for eaxaple,

-

are derived from e palr of exial vector potentisls, Ai u, and

1*. -3

A'z M) defined by
) "
Bi = &; ua ('l)
® -~y
? = e Ai uz

Poysically, A: describes T (transverse magnetic to 8) fields
end Ai descrives T8 (trensverse electyic to 2z) fields. These
pertial {fields sre then superimposed, sssuming & tesporal varistion

e‘ym, to give: (See appendix A.)

‘*{.
Ai and Ai sre solutions of the wave equation in cylindrical

coordinatesy thet ie
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vhere Ff; (s, ka) and (% {0, kz) are lioear combinetions of Bessel
functions. In Droe-spece (1 = o + 1), only outgoing vave exdst,

therefore

B2 (0, 1) = g B (u, »)
SRS
6,72 (05 ) = @y B(®) (3, 0)

J
Dech of the dilelectric layers, the ith lagyer for iastance, supports

stending waves, therefore, Pé; (0r k) end % (o, kz; ssgume the form
I

BL 0y k) = oh 3y (v o) + AE B(2) (uy o)
? (5)
6 (b, Bg) = vk Jp (ug o) + B B3 (u o)

for 4 = 1; 25 seny Do

The uniknown coefficients ere specified by reguiring continulty of
the tangential componemts of E end ¥ et the interface betveen each
lanyer. From the schematic showm in figare 2, these boundery conditions

are
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B (Pgags ¥ 2) = B (0,0, 6, 2)

% (0y0 65 8) e B2 (o, 6, 2) (6)

% (pi"l’ ¢! z) L Kgi".l (ﬁi“‘l’ ¢) Z)

Ki (9'14,1: ¢: 2) = nzi*l (531,,1: da z)
vhere § =1, 2, «ee, n. The substitution of equation (A-16) into
equation (6) gives:

B - . . i
i k, 1@1 (k,, Dyaq) s &, (k,, o)
J“*‘ €1 P11 g &

P = Peey

k, oF
ﬂﬂ‘m

i*l (% il (k

o? Pyen) W
o C141 Piea €141 e

,-u.-h-b-u-‘.

Ua® e
Fi (kys £yqq) = € B (B pygy)

0 hfm

k, net (kz, Prog) 3 O (s 0)
'm‘ €1 Pyeq “ do

-

o

iwl
. kg W, (kz’ Piey) o
m

IR €403 Pray o do

UQ.-“O‘

2 2

) ivl .
G:a (s Prag) = €e1 Gy " (gs pygy)

where the ezimuthel Fourier series, and the axial Fourier integrel heve
boen removed from the orthogonality reletionships.



Bquation (7) cen be rearvenged to give

2
€ £ ,
P (kes ge1) = -§~‘Ei~§~'Fmi*l (25 p442)
el Wy
aBd (x,, o) 3% (x,, o)
“ e T ] a“ s 1]

S mk €
-l i':>°m?’1 (kas c241)
Ug® oge1 €341
o4

Gh (kgy pgeg) = —2- 22 g 301 (o )

egey W°
asd (x,, o) & Jagd*t (x,, o)
do P om Depl €441 dp &= Dye)

Joe |
- 2#1 = (l -t )Fmiﬁ (g 0y43)
" Bed €541

If equation (35) is substituted into equation {8), then the boundary -
conditions, in matrix form, become

D) (
83; %i"“l
Aé &mi*l
A.jk1+l< ‘b,é > = [Bjki*ﬂ< bm:‘*l >
3%3
(%) Ja

N

(=)
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If i1 is repleced by ie1, the sbove eguastion becomes

that
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which inglies that equation (17) becomes

a:%\ (.0 .
4: ? - [csxﬂ Eakﬂ .- ‘E’Jx""ﬂ ["zxﬂ E’ak”"’j {“ > (19)
. 0
\%” \(?EJ

When the boundary conditions are met et the ground plane, the
coeffictents =, AL, bl and B con be eliminsted in favor of the
modes of the trangential fleld components. To do this, the modes of
the fields mupt be defined in temms of en szimithel Pourier peries
end an axisl Fourier integral. Prom Wedt (ref. 1)

®

Ey {a, ¢, s) = ‘,/“, e*éaﬁi -E'@i {o, k;) e~Bg® dx, (20)
Whom ooty

vhere Eﬂ (e, &) 1s defined by the inverse tramsfors

% (&: k&) o - i’fﬂ .,,f:.: E¢ (ﬁ: “: z}) G”w ﬁ'jkzz d¢ dz (=2)

{2x)2 v om

vith B, (0, ¢, 2), By (e, 4, 2), end B (e, ¥, 2) sinllexdy defined.
Then, fron eguations (Aels)
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The Belfedeve Axial and Circunferentisl Slot Antennes

A conplete solution of the problem requives g debailed study of the
interior reglon of the cylinder {p < ). This treatment is possible,
However, the Doundary conditions are usually mized apd are therefore
difficult to reslize*. To avoid these complicstions, electric fields
will be sasused on the slot, so thet the coefficients, cp end dy, cen
be defined entirely by the transformed electric fields, D (e, k) and
B, (e, k,), {rer. 1). If the electric fleld distribution is not eltered
by the coasting, the following calculations will properly give the angular
distribution of redietion, however, the prediction of the megnltude
regquires the complete anslysis.

Consider first the halfeiave axial slot shown in figure 3(e). The
electric field dlstribution i sseumed to be of the form

Eq(a.ﬁ,z)a;f—cwkaz (cn siot)
o

& (e, 9, 2) = 0 {off slot) £6)

B, {8, §, 2} =0 {everyvhere)
From equation (21), the tvensform of Eg 1s

F{ 30/2.2 'b %/2 ..?E.. cos kO % ejnﬂ eJkoﬂ cos 8 dﬁdz (27)

(]

. S
w (&p kz) 3 (Qg)a x%/ﬁ.’ \.%/2

e 4

i0n the conducting porticn of the cylinder, the discontimuity of B is

equal to the surface currents. On the sperture, f is continmous, therefore,
the surface p = a8 reguires “mirxed” boundary conditions.
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where the far field substitutlon ky = ky cos & hee been made from the

discussion in appendix Be
A n
% e g, the imbiegrel, vhen evalusted, becomes

Bince L, =

— —

1 Vv |sin (»-LQ) cos (‘ cos @J
i . ] 2 7 5 ( ’:""\.} )
Bog = —5 — o, - -
21" a ( ) k, ein® 8

.

2
- _4% sm(%&)
If the slot 1s sufficlently thin so thet -—-é--<<3., then - ®

end the transfommed fields at p = 8 syre

'@ng

V.  cos (55 cos a)
Wt o

B =
- 2e° k, e ein® @

v

The substitution of equation (29) into eguation (25) glves

con | 2
¥ o Lo8 (2 CGOs 8) Iih

SE M srwemins

o xy 8 006 Ipp by, - bip Iy

o 7
v, W(gg‘m“) o
) 2 .
2 ky s sin® 0 Ingp Ly - lyp Iny

~

(30)

4

Prom equation (Be15), the Puyntdng vector is

- i
8 =

¥ o | - ]
(e 72 Z‘;’ (‘;“) Py (8, 9) u, (31)
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Where P, {0, §) is the power pstiern factor defined by

cos £ eos 9) | { * L, emim(den/2) |2
|

Pj, (3: ¢)°=‘° |

i = /
' oa { e 122 T = B2 Tt
(32)
12 1y enlgare) Dl
Lo Inp Iy =lag by ||
| B 3
It is understood that Ly = Lyy {m, 9). Consider nov the half-wave
elrcumferential slot shown in figure 3(b). In this cese, the slectric
field is sssumed to have the distribution
. Vs R
%(“:¢33)“%‘m(%4) {on slot)
Z, (a, 8, 2) = 0 (off slot) | (53)
By (e, 9, 2) =0 {everywhere)
s

For this polarization, the transformed electric field is

o i ‘V‘J ; %/2 ?%/Q K A n y ]
Buw = poyg o [ cos (i, aff) eI ed%,% 008 O 4oy (3)
(Eﬁ) " By 'ﬂ(;-,f 2 M{;}/ 2 - °

A 2
Becguse 88, = *%’* = =, the result of integrstion is
©
2 s} [ v
~ v, win @o 5 ©os ) OB o
me = = 4 & P ey (_,x }
2n" . %, i g 2}
("n .G cos C-) | [l a) - 1
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I the slot iz thin, then the specified fields et o = 8 oo

e

%EO

By = (&“ ) (35)

o=+

Therefore, fron equetions (25) end (30), the coefficients eve

ot [(}‘0“)“"’""']512%'%1%
3 - (ﬁ{ &) Ly
Q,,’ Bows e )
[( &)& w A\f'-"jr ler; x%‘} I‘.}".’) Iﬁ}&
Prom equetion (Be15):
5w 5 el ho " 1 -
Y2 Za \ ¥ P (5,9 'S {38}
were ¥ (9,#) 38 the pettemn fector, defined ly:
i : = dn{Pen/2 2
2, e el = o @g;)%m%n ,
P, ®=-y {k, &) ain ) _
2 * (o G L [(“ = 5 "
: ky @) - ] [I'M Iy = Tap “m]
Tty
R ") ()
= con (%) L, omdelfens/zy  ®

Lo Tl o2 - Al s - Tag T
Wi
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The indox n esmupws inteper velues, consequently, the following
reletionshipes holds
L!l
o (&) = (1) 3, {x

3 = (1P 3 ()

(50)
H2) () = (w2 €2 (x)

12 (=) = (<1)" &2)" ()

42 o result of equetion (B0} the metricies [Ci*}‘ (m)} end {D% (--m}J
d‘ﬁ-

expressed In terms of the wmetrix clemenbs of { 5‘;’3‘ (-m)] et {D]’;h (:-k;z)}

beoooe:

~ _
Ggl () Céz“‘ (2 C*""}“ () ...(}};'l (=)

Cgl {n} Céz,“l {z) -Gi*l (=) -C‘“*l ()

[C:.%:l (»m):] =
”’iﬂ {=1) «Gi;l {u) Oé’tl {} C“‘ﬂ' {)

L i+l ¢, wi4l 143 2.

= 5 ,
u;»l (=) % NORE s -2, (=)

o, (=) ) -2l - ()
[3}'( il B () - (w) (=) o ()
. o2 8 e

b= 33

SRR W S R o YR R €
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It can resdily be shown that the product of the matrices,
[y (=) =[5, () (€5 ()] [ (w)] + .. et ()] 1o 2leo 1n
the same form as eguation (41)%; thet is

Ly @) Ly () elyy (@) oLy, (w)
Ipy (m)  Lyp () wlny () <Dy (w)

L, («)| = ()" (x2)
I: " ] Ty () osp (m) Iz (@) Ly (w)
Ty @) by (@) L (@) 5, (o)
and, it is of interest to note that for m» O or kmf-ncosﬂmﬁ,the
metrix (42)° becomes
Gy By 0 0]
[ J b e © 0 -
ij. @ » 5
el & 0 P
0% g sz Lgy
L © O Lyy  Iay

“A simple nethod of proving this is to recozmize that the C snd D

watrices, for negative =, cen be written in the forn |(L)*E oy (a)],

where the element bk (n) 48 & 2 by 2 corner matrix (rer. 8). Strelghte
forverd matrix multiplication then givesn

[y ] [0 02, ) . ... i die ()] = [(2)7%e, @),
vhich proves equation(k2).

3When either m =0 o ky = 0, the € snd D matrices mre of the form

b 0 '
[11 J s &gain the element b.j};: is & 2 by 2 corner matrix, It cen
¢ by

casily be verified that by 0|68 o |efed o] = fa, 0],
ot o uhy o vk ¢ e

which proves equation (43).
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As a consequence of equetion (b2), the mums appesring in
equations (52) and (39) cen be converted tosine and cosine sevies,

with the index m ecsuming integer veluss between O and o

o glves
-2 r 2
v (0, &) ’mbcoe %cmﬁ 1 ‘zzi :' 3”:12'308&“ P
3 » :ﬁainﬁ | “m::éiluz’]mh th]“lh{l.‘.am)r
_ ol 2]
+ ) g . (54)
,l’&n‘i ﬁl? % 1542 E.-L— '
= “!2 . 3”"" op K sin o
(e, &) Bk, o i o . e %y 8
P = : fo % o
@ 4 / - S =
I? c =% {‘kﬁ a?-m !%2 l"a-liml'!?_ Lj:l{,)
L . 2 -
‘ - 5 1oy, cos &*" wos uf
)
| £ ¥ g
e @) (e < Lyl - %m

& is the Kvovecher delits spd use hap heen made of the condition that
Hhu%ﬂﬂ for m = O«

For the pattern cuts of Interest, the above equations become

{a) In the equatorial plane (0 = u/2):



a2 7 e
py (er2 ) < (2]
ﬁ‘w‘

T

w 2

i® cos mff
..{_.J L},}* (l * E%)
Tl

(h)
. -4 " P -t
(x/2, 8) (&’%i ) = m@‘oﬂ)mm"‘
Py (/2 = ’
2 ¥ / L 2 2 o
" 2% ) [(k" e) m?] L2
vhore eguation (4%) has been used.
{t) 1In the prime weridian plens (§ = 0, =)
2w % cos (X cos 8) | - 31:}3 )
Hs ) || | 32
r gt = o e g & 1+ R
n- sin Mg [% L};l,, L})Q l'llz_]( 0)
v (‘}
2, (e, %) Bl el " Ty, e (93‘0 E‘)
AN P CS ® 2 2
Lo 148 T & » W o L; w Ly 7
. Lo e B[k, 0 < ?][my Dy - Lap Iy

where the upper sign on jxm

for ¢ ©w e

is chosen for ¢ = 0, and the lover sign
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VII. RESULYS

The purpose of the present effort was W deviee a scheme, whercby
ell the transfommed tengential fields at the surfece of the conducting

cylinder can be directly related to the unknown freeegpaoce coelllcienis,

R ahd dm' Tale was schdeved through e transformation mabelix ;-le,: ; ¥
vhich 15 computed on an YEM 700k data processing machine. o
The computational procedure is rather involved, and extenalve
checks are warrsnted before the scheme can be applied to problems of
interest. This will be asccomplished by computing redistion patterns
{ege. (b5) end (46)) and comparing them with published results and
altemate nmethods. The deta presented here will consist entirely of

check cases.

Badiation Patterna in the Bquabtoriael Plene

In order to check the I, (m, k, = 0) metrix element, equatoriel

L
patterns of the axial slot were computed from the first of equation (45},
Cylinders with ciroumference-towwavelength ratios, lto B = 2,5, 5.0, and
12,0 were chosen in order to assess the esccurscy of the resulis as a
Punction of cylinder size.

As an inltilel test, patterns of uncoeted cylinders were compubed
by the present method, and compared with pubdished work. Silver and
Saunders (ref. 5) tabulsted patterns strength versus szimuih engle w
four decimal places for s cylinder of size L g= 2e5 Slmilex data
were given to three places by Beilin (ref. 10} for the cylinders
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ko= .0 mnd 12.0. The eccurscy depends upon the number of terme
retalned in the Fourder series which defines the pattern. Sillver snd
Saunders summed to m = ) whereas, Ballin terminated the series at
nxl5 for koaaa.o end m¥23 for k e« 12.0. Generslly,
ako e terms are required Lo schigve ? percent sccuracy. Resulte arve
plotted in figure k. The solid curve represents caloulations derived
independently from the integration method of reference 5 and the pointe
are the rosulis of the present effort. Comparstive data, with more
accuracy, are givan in table I, vhere excellent sgreement is indicated.

All three cylinders were then coated wilth & lossy plesma of
thickness k_ (b = 2) = 0.1. No direct check giving the Cesired
sccuracy was avallable in the literature, cousequently duel cases were
computed from the progrex developed in reference 5 so that the two
procedures could substantiate each other. In the course of the work,
en error was discovered in the integration method. This wes corrected,
end the resulis for the plasma w/wp =1, vAb = 0.3 are plotted in
figure 5. As before, the polnts represent computations by the present
method. The results are elsc listed in table II, where it is
indicated thet the two schemes differ by at most two in the last
decimal place.

Next, the Iy, (m, k, = 0) element wae chacked Ly computing
egugtorial patitermns of s circulerential slot antenna. The
cylinder of size k 5 &= 5.0 e dielectric thickness
X (b «e) =1.5 wes chosen in order 10 compare with the

published work of Xnop (ref. 2). The resulte for real index of
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refraction, 0 = 1.00, 1.5, and 2.10 are plotted in figure 6. The
golid iines weve treced directly from Krwp's dissertation (vef. 11)
and the voints were computed from the second of eguation (45).
Although ssell deviations oceur in the pattern, cneaxis (g = 0°)
results (teble II) check to four plsces for 2 = 1.00 end 1.1, and
to three places for N = 2.10.

The sxdal clot wes considered agein so that the acouracy could
be chocked es & function of the immcinsry pert of uwp. The resulis
are given in figwe 7. For m/mp = Owil, the points representing the
matrix method do pot dn any way correppond to the date given by the
integration method. (The points in the renge @ = 20° « 0% are
off ceale.) Howover, as the w/mp retio incresasss tovard unity, the
agrecment becomes much tetter.

Inspection of the numerical data showe that the tuilldeup of
ervor, surprisingly, is due to error accumulaeting in the seventh ( end
perhaps sixth) digit of the computed Bessel functions. Hormally, five
end six digit accurecy can be accapted; however, 88 the imeginary purt
of up inmcresses, Y {up) - 3 {uvp)e Finite differences between the
Besgel end Neumenn functions occur in the computetions; and, for the
specific case, »L\p = 0.3, this difference is preceeded by Pive zerocs,
an! the controlling mmbers are therefore inaccurate.

The complex values of wo, which currespond to the plesum psremcters
of figure 7, are ziven in teble IV, Note that the real pert of uwp
is positive end the imaginery part is negatlve. These slgus were

chosen to asgure outgoing, damped trevellng waves as o ~ w.



Badiation Patierns in the Priwme Meridian Flane

Fres-gpece alevation patierns were computed in order to checl
the 1'12 (s kz) and 3‘141; {n, kz) alment&k a8 & function of the
axiol wmode number, 15:3 = ka cos 8. The mmericel veluss of the elements
were substituted into eguation (L0}, and petberne were compubted for
eylinders of sise };o g = 2.5, 5.0, aud 12.0. Results are given both
in figure 3 and table V; again, the polnts on the greph are those
derived from the matrix method.

Petterns for both the sxlal and circumlerential slot are shouwn
for }:O e = 12.0) however, only sxiel slots were consldered for the
cylinders k& = 2.5 smd J.0. It is of inmterest Lo note that the
front lobes of ell three axial slot patterns sre virtuelly colncident,
and closaly epproximebe the patterns of » slot on 8 flat ground plans,
86 noted by Beilin (ref. 10). Xt should slso be pointed out that the
series in equation (L0) converpe much faster as € decreases Trom
20" to 0°. This is because the ¢ pervent accurscy eriterion is twice
the avgument of the Bessel functions, 2&:0 8 sin 5.

Hext, s comparison was made with the work of ¥W. V. T+ Rusch
(ref. 3)s Rusch gave en epproximete sclution, which sssumes thatl
7, {ua) may be calculsted from the lesding terms of the Taylor

expansion of J (ub); that is

Jm {ua) = Jm (ub) + o {8 = b) Jm' {ub)

) -
Ly, (a2, }:3} = Dy {m, i&z) = for the uncoated case.



» 56 -
his expansion, of course, sseumes that the product

PR

b ea)e 33.2‘12‘3« -§ {t - a)

i smoll. AL O = 900; the product is epproximetely 0O.1% for

as/mp = 3.085 and Q.19 for u/up = 1.045. The respoctive velues

st ¢ = 300 ere 0.53 and 0.51. It ls expected, therefore, that
Rusch's results will be moet scowrmte for & nesr 90°. This is
evidenced in figure Y. The solid curves were traced directly fronm
reference 5; the points were computed and norsmlised with respect

to Rusch's oneasis value of the wﬂmp = 1.040 curve. 'Phere is
reasonably goof sgveement for U o 0° end & = '900; however, the
computations for sswller walues of U, indicate that the eleveliion
patiterns sre sopeuwbat more directicnel than those given in peferance 3.
Busch did not give computations for the resr lobe, consequently, this
deta given in fizure 9 is of scedenic interest only. Rote that the
magnitude is less than 10 percert of the wain lobe, and thet s definite
midl occurs neer © = 0.

Ko other satisfactory coumparisons could be made with published
results. Although Barris' (ref. 7) formdetion for the mclal slot
appeays to be correct, the date sesxs to be suspect.

Meltz'd resulte (ref. k) for the circumferential gsp sutenne vere
not of sufficient sccurscy to fully test the matrix method; nevertheless,

cogputations for thres values of ¢ were made for the cylimier
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k, 8= 32.00, & (b« 8) = 1,40, mp/m = 0.257, v/é:p = Ooiis The velues
of 6 chosen were %°, 20%, and 5°. The imeginary pert of ub was
vell under five for 90° end 20°; however, for 9 = ';50, the imeginary
part was «~7.5%, snd beyond the rengs of the computations. The
normalization constante for the curves of reference b were not glven;
therefors, only the relative rasic of pattern stremgth at 0 = o0°
o 0= 900 was noeningful. Comparstive retios did not chechk with
those of reference Yy however, sgreemont is achieved if the watrixn
results are squered. Since the matrix method agrees with manual
caleuletions (using Bessel functions piven by the computer subroubine),
1% 18 sugpested thet Mcliz is plotidng power patierns.
e (103 -0
As & finnl checlk, one mpde |(m = 1, - Q5 | of the Lematerix
%]

glements of a coeted cylinder wes menually computed and compared with
the computer results. The caleulstions agreed to five plsces. Hence,
the method, as opplied to one dlelectric layer, seems to be limited

only by the accurecy of the Bessel functions.

Seversl Toudem Layers

If any two edjointing lsyers have ogual indices of refraction,
or if n =1 for the last layer, the corresponding Cematrix should
be & undt matrix. In other words, the bouwndary is nonexdetent. To
see if the disgomalization would occur, 8N air layer was sdded Lo all
of the one layer cases discussed in the previocus sections. Inspection
showed that the Cematrix essocieted with the aly layer differed from
unity by one part in 10? up to the "akc e eazimethel modes reguired.
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One homogensous, lossy layer was coustructed from three, then
six, then twelve layers, each having the same index of refrection.
Apain, the sppropriate Ceastvices disgonelized snd differed frum
unity only in the seventh digit.

Twe dissimilar dielectrics were considered, and an atbtempt wes
made to corvelate the results with those obiained from the lotegration
method. Although the integretion schene can eccount for radial
variations in the dielectric constant, sudden discontinvities, or
boundaries, are not sllowed. Novertheless, a comperison was desired.
This was done by replacing the btoundary between the two dielectrics
by & more gradual trensition, es showm in the inset of figure 0.

It can be seen in figure 10 that the petierns derived from both methods
gre virtuslly identical. However, the on-sxis values diffexr by

% percent, which is somewhst larger than expected. Most of the error
can be attributed to limitations lmposed by the programing of the

integration method.
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VIIXI. CORCLUSIONS

Beversl checks of the aetrix method were consldered, and the
resulte suggest the following comclusions and recommendstions.

1. The method 1s epparently successful, provided the imaginmry
part of the product of the radial weve number times e vredlsl
ddmension is lese than five. However, beyond five, significant error
accumulatas, and is due, in lerge part, to the :ummu_m of the
computer subroutine which celculates Bessel Dunctions of complex
arpuments. More scourste camputations of the Bessel functions will
undoubtedly increase the range ol the netrix method, and it is
strongly recommanded that this be done, perticulsrly before lnteyior
{c Sa) sclutions ere metched to exterior ones.

2. The mdtileyersd cuse wes congidered in order to check the
ertor acowmlated when severel metrices gre multiplied together to
give LJ; ‘

eryor in Ei‘..jk—i was spproxivetely one part in 9 x 10",

3¢« Jn the process of checking, it was found thet the elevation

For the computations involving twelve layers, muximums

patterns given by Rusch (ref. 3) are apperently more directional
then hie spproximste results indicate. 'The check cases aleo suggest
that the elevation putterms given by Meltz (ref. 1) ere sctually

power patterhis.
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he It is recommendsd thet the inbtegraetion method of refevence ©
be modified so that altdlisyered cases can be checked more accurately.

5 Xt ig recommended that a check of the elements essociated
a

with tangentisel H; that is, L%, I‘ah’ 509 and I‘s,la be done befora
interior end exterior sclutions ere matched. Ho direct check now
extiets.



5
IX. SUMMARY

A slotted-cyiinder antenna, coated wvith concentric layevs of
conductive dislectric meaterial is developed as a boundary value
problen. The formalism {ollows the procedure as originelly outlined
by 4 B. Welt, except that the boundary comdlitions are siated in
matriz fpym. The problem is formdated eo that the transforms of
the four ongnown tangentisl fislds E%, Bﬁ’ liz, and H¢ at the
quemmmg ralated to the two unkaown vector potentlials
A, end A, through computatile products of fourebysfour matrices.
Further informntion is then achieved by completing the boundary
conditions &t the aperture and algebreicslly sclving for all unknowns.

As 8 means 4o check the procedure, the radiation fields of
halfewave axisl end circusievential asperture sntenpas, with spacifled
electric field distributions, are conputed and checked sgalnst

known results.
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XITI. APPERIDXES
Appendix A: The RlectromesneticFields and Vecltor Foben @

All the pertinent informstion appears in Strstton (ref. 12);
hoverer, & review is glven for the pumpose of compleboness.

It iz asewned that the stratified nediim of figure 1 is frec of
charges snd currents. Congequently, for o hamonic solutdon of the
fom em s the Mewwell equations become

“y -
YV ow E’i w - 33%0 1{1 (ﬂ.)
~% o

7 X ?‘ = Jue, B (v) (A-1)
Ve ; = O ((’J)
Vo ; = O (a)

For fields vhich are T (Traneverse magnetic) to z; there exists
i
& vector potentiald, Ai “‘z i 8 scalar potential, ‘4{1 defined by
o -l - e
15, .4 B L e i -
Hj‘ i ‘1;? 0 K u, B o J,:i oA {pe2)

-h
wvhere the shbove expression for Eai follows divectly from equee

tion (A<l (a)). I equation (A«2) is substituted into egue=
tion (A=l (b)), then

e - -5

7 v T N i { 7 « i w U 1
mmeﬁ_;‘&”?“"‘(&zuzgi(j Azua Jgfszuz
(ﬁh‘j)
. ol o P g
""J‘Wcﬁif‘i‘ * W B’Qéia

P
w
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kod, when the expression for T+ (eq. (A2} i substituted into
equation (A~14),
Pt 4+ 507 « 80 = 0 (4-5)
Bouotions (A~3) cnd (A=3) ave decoupled by the lLoventz geuge,
thet is, -
Vs Ay = e gapg el @ . (ae5)
Giving, for Ag;

* A ziu: < w'?uo € %u: = O {A€)

In cylindricel coordinates, equation (A-6) becomes:
1 3€a.t 324 i
4]-'- a -&-a L 4 1 + - of & Z w |
o 3p\" a;:) 5"?% er-ai S (&-7)
From the physics of the problem, Al 16 expressed es an axinl
Fourier integrel ond on asfmuthol Fourier series, such thab:

L) L=
2" (o, 9, 3) = /. Rt (ko) e @y ()
Tlarelly

In order o colve ecuation (4~7), we need only solve the tobal
differential egquation:

a 1 2 2w



™is is Bessel's equation; and the particulsar comblnation of
Bessel functions used depends upon the problem.
Prom equetions (4=2), {A«3), and (A~8), the T fields ave:

o -~ G0

‘ s { dF
Eni {2, ¢, 2) = = 2 ‘ G'M Jowo By -»»E-- e=dB % diy
Wiy €y E:‘L" & &

L]

Bt (o) By 2) = o P W4 m;zr*e‘szﬁaxz

Sy €4 P g’w
By (m%s)uf;—-—-—-zd Q‘M‘,_ﬂ{p&;@.&_) }-mz aky
ml -
- Jilg €4 L ° ’émﬁ ; ui P & Jta dicy, (a-10)
Dl
. J il
Hp(g’ “, Z)womﬁé‘?‘.ﬂe Jng\j‘mmgm jkzdkz

w {"‘“" ap 1
Bl ) - - = ) & B et

uO Tt

K:(Q: g, £) = 0

Since no free chorges exist in the media, auxiliory sxial potentials
moy be constructed dofining flelds T8 {Trancverse electric) to  2:
Such that

g | . #y =4, g ¥l =
BT e VxAtu Ho=eW o-jof, uw (&)

€4
A8 befove, two equations for 's:f*i and Af“ nay be derived which

are decoupled by the Lorentz gauge:



- ko -

- = "

Therefore, the substitution of equations (A-11) and (A~12) into
equation {A-la) gives:

R LY - O R,
zV@ . A:i u.;)-b ;:J?' Ho et é:i 1;; (a-13)

Equation (A»13) is the wave equation, the solution of which lg:

o
.“1 o ] ,‘rm - oo
Az (p) ¢J 8) = L-J e M‘J’# %i (kﬁ” Q) © '}kz&" dk:;
S {A=2k)
where Gmi is e lincay cosbination of Bescel functions. From

equations (A~11) apd (A«13) the TE flelds sre:
w

, 4 B B P R
Bl o B0 -k W agl et a,
el @

Ef (0, @, 2) = -g"; L o~iuf - % ™kt qig,

Ezi (o) @, 3) =0 .(Rwlﬁ)
w0 R i
- .f" »
Hpi {cs B, 2) = = s [...: e Mu"m ky "'"’"'"'éz;n e Jige s
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fed
1 S e [T 2 4 eikgm
5: {c, ¥, 3) = m /. e _u,.“, U, Gm e dﬁkz
T ecs
(A-15)
And the totel flelds are obtained by superimposing equetions
{A-10) end (A«15); thet is,
w
B = ,3 ,"3"@ [ dak e"ak"?‘ - km dii + ;ﬁﬁ
£ m:;; “Lm Fd %{; Ei &(,} ;}ﬁi
» i
X m F" VL)
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Appendix B: The Far Fields

From equations (3) and (@), the vector potentisls in the freecespece
reglon (i =n+ 1) are:

0

Ag“l (Q; “’ 3) = { I,-‘T | cm (ka} éz) (n(} 6:') Q”J‘qlﬁ @.‘EKzz ﬁ;‘»z
(B-1)
D OF A P Gy (k) HE) (o, o) W omiket g
s

In order to eveluate the above inSegrels in the fer field, it 18 cone
venient to trensform to sperical coordinates, p = r 8in ¥, 2 = ¥ cos &,
such that equation {(Bel) becomes:

AT (x, 4, 0) = " oy (&) 8&2’ (u, r sin 6) e~dber o5 8 ejmd dk,,
(¥~ &m
(B=2)
A ) e [ g () B (g roetn o) Per o O g g
s s

Then for large v, and for 0 < @ < x, the ssymptotic expansion of the
Bankel function can be substituted into equeticn (Be2) to give:



w58 =

]
A?l (I‘, ¢: ﬂ} = ;" \B-'Jw e;jﬂf?'f- Q;M/z Ilm (1': 8)
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- 2 Ve 3 [u, sin 0 +k 9
x = -! [ 4} a- ¥ uo 5 + OB v (“f}{‘,
o F e m {52) [xu rsin%g “ *
& gy () edTE(kz) o,
S
/2 {B-4
P o 1 JY.‘ ; - o
- ; & =j¥ |0, sin6+k, cos 8§
Ton o e % (k) Wi, T Gin C] N c 20 “og
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The integrals of equetion (Beh) are difficult to evaluete in generel;
however, for lerge r, either saddie polnt or stationary phase methods may
be uged to achieve en ssymptotdc sclution. From equations (75) = (78) of

reforance 2, the latter method gives:

&
rf(k_ z
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where Kyy I8 found from the stationary phese conddtion:

pligy ) = ) s 0 (B<C)

e kge Kog

Koy = %, cOB © {B=7)
Therefore:
¥ (}‘m.) = iy
" ¢ o e -
£ (k) 0 pryar (B=3)

The axysptotic solutioms of the inteprsls (B<h) sre:
=g v Jafk
54

(B=0)
e dke ¥ Juft
Yoy = 2 e dy (9)
And, the potentisls ave:
B (e, d, 0) w2y T2 o (o) entuldard)
o (B~10)
8™ (r, ¢, 9) = 25 gk ¥ 2, (3) oo e /2)



From the relationskipe r = |/p ¢2 ,parein®d, z = r cos 0, amd
equation (2}, the far fields become:

Eg;l = X0 Atzr’l gin © cos ©
e e A o

O
2 - oo a0 et o
Hg’l = Jjw A;‘ml gin 0 cog @

n“"‘lnggi-;\f*l sin ©
o}

B - oo K e o

vWhare terms of highey oxder than

3%

nave been neglocted.
In sphericel coordinates, the componente ave:
o £ -0

el o

" ") prL Bl 5
= w¥2 7 A gin o Hx = e f gin o (3"1
¢ o 'z % z, 'z
B e o A™ sin e B - g AT sin o
The redistion patterns are derived from the real part of the Poynting

vector, which is defined as;

—~5 -y -
Be=1lfeBe B H {B=



. B

-y
vhere the faverted ciroumflex over H indicates complex conjugate.
Bubstituting equations (B«1Z) into eguation (B-13) gives:

§=Lre (m 8y -5y 1) %,

(}3-1}1 )
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s W opin” 8 2,1 Ay * E; | A, U,

Substitution of equstion (B«10) into equation (Belhk) gives the desires
repull,
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TABLE T

NORMALIZED PATTERN FACTOR VERSUS AZIMUTH FOR THE UNCOATED CYLINDERS, ko a = 2.5, 8.0 and 12.0

¢

b
i(g:@ ky 8 =25k, a=25k a=25%k a=8.0k a=8. k, & =8.0/k & =12.0 k 8 =120k &= 12.0
(vef. 9) | (ref. 5) | (computed)] (ref. 10}| (ref. 5) | (computed) (ref.10) (ref. 5) | (computed)
0 1.0000 1.0000 1.0000 1.000 1.000 1.000 1.000 1.000 1.000
10 0.9962 0.9963 0.9962 0.997 0.997 0.997 1.000 1.000 [ 1.000
20 0.9860 0.9861 0.9861 0.993 0.992 0.993 0.997 0.997 0.997
30 0.9722 0.9722 0.9723 0.986 0.986 0.98¢€ 0.991 0.991 0.991
ko 0.9565 0.9565 0.9565 0.966 0.966 0.966 0.979 0.978 0.979
50 0.9355 0.9355 0.9355 0.9hk 0.913 0.9Lk 0.959 0.959 0.959
60 0.8997 0.8998 0.8998 0.90k 0.90k 0.904 0.920 0.920 0.920
70 0.8389 0.8390 0.8389 0.845 0.846 0.845 0.867 0.867 0,867
80 0.7541 0.7541 0.7541 0.779 0.779 0.779 0.789 0.789 0.78¢9
90 0.6669 0.6668 0.6669 0.680 0.680 0.680 0.68L 0.684 0.68
95 0.6327 0.6327 0.645 0.645 0.645 0.639 0.640 0.639
100 0.6086 0.6086 0.6086 0.600 0.600 0.600 0.579 0.579 0.579
105 0.593L 0.593L 0.53k 0.535 0.53L 0.518 0.518 0.518
110 0.5828 0.5828 0.5828 0.479 0.479 0.479 0.477 0.477 .b77
115 0.570% 0.570k 0.153 0.453 0.453 0.411 0.k11 0.k11
120 0.5496 0.5497 0.5497 0.418 0.419 0.118 0.364 0.36h 0. 364
125 0.5161 0.5161 0.350 0.350 0.350 0.335 0.335 0.335
130 0.L673 0.467k 0.L67h 0.295 0.295 0.295 0.268 0.269 0.268
135 0.kokh3 0.k0L3 0.293 0.293 0.295 0.248 0.248 0.248
1ko 0.331h 0.3351k 0.331h 0.282 0.281 0.282 0.228 0.226 0.228
145 0.2578 0.2578 0.215 0.215 0.215 0.160 0.160 0.160
150 0.2012 0.2012 0.2012 0.154 0.154 0.15L 0.178 0.178 0.178
155 0.1870 0.1871 0.187 0.187 0.187 0.150 0.150 | 0.150
160 0.2191 0.2191 0.2191 0.205 0.206 0.205 0.087 0.087 0.087
165 0.270h 0.270k 0.1kL 0.141 0.1k 0.143 0.1h3 0.143
170 0.3179 0.3179 0.3179 0.048 0.048 0.0h8 0.093 0.093 0.093
175 0.3500 0.3500 0.133 0.133 0.133 0.061 0.061 0.061
180 0.3612 0.3613 0.361% 0.181 0.181 0.181 0.134 0.134 0.13k
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TABLE II.~ NORMALIZED PATTERN FACTOR VERSUS AZIMUTH FOR THE COATED CYLINDERS

k & =2.5, 8.0, AND 12.0 (w/u)P =1, vo

1

0.3, k_ (b - a) =0.1)

N5 8 Xk 2=25|k a=25k 2a=8.0|k a=8.0lk a=120|k a=12.0
o(ref. 5) (Zomputed) O(ref . 5) (gomputed) o(ref. 5) (2omputed)

0 1.0000 1.0000 1.000 1.000 1.000 1.000
10 0.9908 0.9908 0.990 0.990 0.990 0.990
20 0.9638 0.9638 0.961 0.961 0.961 0.961
30 0.9205 0.9205 0.915 0.915 0.91% 0.913
ko 0.8637 0.8638 0.853 0.355 0.851 0.850
50 0.7967 0.7968 0.776 0.776 0.774 0.773
60 0.7222 0.7221 0.690 0.690 0.684 0.685
70 0.6416 0.6415 0.596 0.596 0.586 0.586
80 0.5563 0.5563 0.500 0.500 0.433 0.482
90 0.k102 0.4703 0.405 0.405 0.383 0.384
%5 0.429k 0.k29L 0.360 0.360 0.335 0.336
100 0.5918 0.3918 0.319 0.319 0.291 0.291
105 0.3562 0.3582 0.280 0.280 0.2k9 0.248
110 0.3290 0.3290 0.2k1 0.2k 0.212 0.210
115 0.3033 0.303L 0.208 0.208 0.179 0.179
120 0.279% 0.279% 0.182 0.181 0.1L8 0.149
125 0.2553 0.2552 0.155 0.155 0.125 0.125
130 0.2291 0.2290 0.127 0.127 0.103 0.102
135 0.2000 0.1999 0.108 0.108 0.083 0.083
1ko0 0.1683 0.1682 0.097 0.097 0.071 0.071
1L5 0.1358 0.1358 0.080 0.080 0.05h 0.053
150 0.1067 0.1068 0.058 0.058 0.046 0.045
155 0.0879 0.0880 0.053 0.053 0.041 0.041
160 0.0856 0.0855 0.056 0.056 0.025 0.027
165 0.0965 0.096k 0.042 0.0L2 0.030 0.031
170 0.1109 0.1110 0.017 0.017 0.022 0.021
175 0.1219 0.1220 0.0%1 0.031 0.011 0.010
180 0.1259 0.1260 0.0k 0.0kl 0.026 0.026
“yn (B9 Thes | Taom | amh | 2ers | 3300 | 7.8
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TABLE III.- ON AXIS (¢ = O) FIMLD STRENGTH

{r, 8 = 3.00, i (b « &) = 1.5)

1.00 0. 52543 0. 523%¢
Y.k 2200 L2207

2.10 JERUTY . b




PABLE IV.~ COMPLEX VALIES OF up
AS A FURCTION OF /o, FOR THE AXIALLY SLOTTED CYLINDER
&

by 2= 040, v = 03, 5 (b = a) =042, (8 = /2)
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TABLE V.-~ NORMALIZED PATTERN FACTOR VERSUS

POLAR ANGLE FOR THE UNCOATED CYLINDERS

k, 8 = 2.5, 8.0, AWD 12.0

(a) ¢=0°
Axial Slot Circumferential Slot
N |k a=25|k as=25 koa=8.0 k a=8.0k as=12.0 k & =12.0 |k a&=12.0) k 2= 12.0
g° (ref. 9)* (computed) | (ref. 10) (cor&guted) (ref. 10) | (computed) (ref. 10) | (computed)
30 0.3779 0.3782 0.h11 0.h11 0.h1k 1.010 1.010 1.010
45.1 0.626 0.626 1.00k 1.00k
b5,k 0.627 0.627
50 0.6934 0.6936
59.6 0.810 0.810
60.1 0.817 0.817 1.001 1..001
70 0.9018 0.9024
90 1.0000 1.0000 1.000 1.000 1.000 1.000 1.000 1.000
(b) ¢ =180°
Axial Slot Circumferential Slot
N lkje=25k 8=25| k a=8.0k a=80[|k a=12.0k a=120k a=120 k a=12.0

o° (ref. 9) | (computed) (ref. 10) | (computed) | (ref. 10) | (computed) (ref. 10) | (computed)
30 0.188k 0.1888 0.115 0.115 0.091 0.091 0.009 0.009
L5.1 0.109 0.109 0.004 0.00k
s M 0.143 0.143
50 0.2760 0.2764
59.6 0.165 0.163
60.1 0.122 0.122 0.003 0.003
0 3376 0.3384
90 0.3612 0.3613 0.181 0.181 0.134 0.13h 0.002 0.002
*The date in reference 9 was multiplied by MQ—L—.SB—)- to give N.

sin ©
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Figure 1.~ Geometry of a general slot antenna on a coated,
conducting cylinder.
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(a) Axial slot.

Figure 5.~ Antenna radiating into a stratified medium.
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Figure 9.- Elevation patterns of an axially slotted cylinder,
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